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Abstract 



Let r be a Coxeter graph, let (W, S) be its associated Coxeter system, and let {A, S) be 
QQ ' its associated Artin-Tits system. We regard W^ as a reflection group acting on a real vector 

space V. Let / be the Tits cone, and let Er be the complement m I + iV of the reflecting 
hyperplanes. Recall that Charney, Davis, and Salvetti have constructed a simplicial complex 
r2(r) having the same homotopy type as Er- We observe that, if T C S, then ri(rT) naturally 



embeds into fl{T). We prove that this embedding admits a retraction ttt : f^(r) -^ fl{TT), 
ci , and we deduce several topological and combinatorial results on parabolic subgroups of A. 

From a family S of subsets of S having certain properties, we construct a cube complex $, 
we show that $ has the same homotopy type as the universal cover of Er , and we prove that 
$ is CAT(O) if and only if 5 is a flag complex. We say that X C S' is free of infinity if Tx 
has no edge labeled by oo. We show that, if E^x is aspherical and Ax has a solution to the 
word problem for all X C S free of infinity, then Er is aspherical and A has a solution to 
^ I the word problem. We apply these results to the virtual braid group VBn- In particular, we 

give a solution to the word problem in VBn, and we prove that the virtual cohomological 
dimension of VBn is n — L 
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1 Introduction 



We start with some basic definitions on Coxeter groups and Artin-Tits groups. Let S* be a finite 
kS I set. A Coxeter matrix over 5 is a square matrix M = {ms^t)s.tes indexed by the elements of 

C^ ' 5, such that nig^s = 1 for all s E S, and nis^t = "^t,s G {2, 3, 4, ... , oo} for all s,t £ S, s y^ t. 

Such a Coxeter matrix is usually represented by its Coxeter graph, denoted T. This is a labeled 

graph whose set of vertices is S, where two vertices s and t are joined by an edge if rug^t > 3, 

and where this edge is labeled by m^,* if rus^t > 4. 

The Coxeter system of T is the pair {W, S) = {Wr, S), where W is the group 

_ , s^ = 1 for all s € S* 

~ (st)™-"'* = 1 for all s,t e S, s ^t, and m^^j / oo 



*Both authors are partially supported by the Agence Nationale de la Recherche (projet Theorie de Garside, 
ANR-08-BL AN-0269-03) . 



The group W is called the Coxeter group of T. 

If a, b are two letters and m is an integer greater or equal to 2, we set prod(a, b : m) = {ab)~ 
if m is even, and prod(a, 6 : m) = (ab) 2 a if m is odd. We take S = {ag^s € S}, a set in 
one-to-one correspondence with S. The Artin-Tits system of T is the pair {A,T,) = (j4r,S), 
where A is the group 

A = (E \ prod(o-s, at : rn^,*) = prod(c7(, as : m.s,t) for s,t G S, s y^ t, and m^^f / 00) . 

The group A is called the Artin-Tits group of T. 

The map S — t- S" which sends 0"^ to s for all s € 5 induces an epimorphism 9 : A ^ W. The 
kernel of 9 is called the colored Artin-Tits group of F and is denoted by CA = CAy- On the 
other hand, 9 : A ^ W has a "natural" set-section t : W ^ A defined as follows. Let w € W. 
Let u; = S1S2 ■ ■ ■ si be a reduced expression for w. Then r(it;) = asias2 ■ ■ ■ f^sr Tits' solution 
to the word problem for Coxeter groups (see [3D|) implies that the definition of t{w) does not 
depend on the choice of the reduced expression. 

The Coxeter group W has a faithful linear representation W "^ GL(V), called canonical repre- 
sentation, where F is a real vector space of dimension l^l. The group W, viewed as a subgroup 
of GL(y), is generated by reflections, and acts properly discontinuously on an convex open cone 
/, called Tits cone (see |1QJ). The set of reflections in 1^ is i? = {wsw~^;s G S and w G W}, 
and W acts freely and properly discontinuously on / \ (UreRHr), where, for r £ R, Hr denotes 
the hyperplane of V fixed by r. Set 



E 



Er = {IxV)\l\jHrxHr] . 

\reR J 



This is a connected manifold of dimension 2|S'j on which the group W acts freely and properly 
discontinuously. One of the main result in the subject is the following. 

Theorem (Van der Lek |35]). 7ri(£^r) = CA-p, iti{Ey'/W) = A^, and the exact sequence 
associated to the regular cover E-p — )• E^/W is 1 — )• CA-p — s- ^r —^W—^1. 

We say that F is of type K{it, 1) if £■ = Ep is an Eilenberg MacLane space, that is, il E = E-p 
is a K(CAy, 1) space. A central conjecture in the theory of Artin-Tits groups, known as the 
K{Tr, 1) conjecture, is that all the Coxeter graphs are of type K{Tr, 1). 

Artin-Tits groups are badly understood in general. In particular, it is not known whether they 
all have solutions to the word problem, and it is not know whether they all are torsion free. 
Actually, the theory of Artin-Tits groups mainly consists on the study of some more or less 
extended families of Artin-Tits groups. 

The first family of Artin-Tits groups which has been studied is the family of spherical type 
Artin-Tits groups (see [13], [11], ^15j, [23J). Recall that an Artin-Tits group ^r is of spherical 
type if its associated Coxeter group Wp is finite. Spherical type Artin-Tits groups are torsion 
free, they have (fast) solutions to the word problem (see [15], [23], [T7], [E]), and they are of 



type K{Tr, 1) (see [23]). They are also of importance in the study of other sorts of Artin-Tits 
groups. 

For X C S, set Mx = {rns^t)s,tex, denote by Tx the Coxeter graph of Mx, by Wx the subgroup 
oiW = Wr generated by X, set Sx = {as] s £ X}, and denote by Ax the subgroup of vl = ^r 
generated by Ex- By [10], the pair {Wx,X) is a Coxeter system of Tx, and, by |35j, the 
pair {Ax,Tix) is an Artin-Tits system of Tx- A new proof of this last result will be given 
in Section 2. The subgroup Wx is called standard parabolic subgroup of W, and Ax is called 
standard parabolic subgroup of A. 

Two families of subsets of S will play a major role in the paper. The first family, denoted by 
S'^ , is made of the subsets X C S such that Wx is finite. For X C S, we say that Tx is free of 
infinity if rus^t 7^ oo for all s, t G X. The second family, denoted by 5<oo, is made of the subsets 
X C S such that Tx is free of infinity. Note that S-^ C 5<oo- 

We say that F (or Ay) is of FC type if S-^ = 5<oo- In other words, F is of FC type if S-^ , viewed as 
an abstract simplicial complex over S, is a fiag complex (note that FC stands for "flag complex"). 
FC type Artin-Tits groups form another family of extensively studied Artin-Tits groups. One 
of the main results concerning this family is about a cube complex $ = <i>(F,5-^) constructed 
by Charney and Davis in |19] : it is proved in [19] that $ has always the same homotopy type as 
the universal cover of Er, and that $ endowed with its cubical structure is CAT(O) if and only 
if F is of FC type. It is well-known that CAT(O) metric spaces are contractible (see [E]), thus 
this implies that FC type Artin-Tits groups are of type K{Tr, 1). The cubical structure on $ is 
also used by Altobelli and Charney [3] to solve the word problem in FC type Artin-Tits groups. 

We say that a family S of subsets of S is complete and K^n, 1) if (1) <S is closed under inclusion 
(that is, if X € 5 and y C X, then Y G S), (2) Tx is of type K{7r,l) for all X G <S, (3) 
S'^ C S. The starting idea in the present paper consists on replacing the family S^ in the study 
of Charney and Davis by a complete and K{Tr, 1) family. To such a family S we associate a cube 
complex $ = ^(F,^), we prove that $ has always the same homotopy type as the universal 
cover of Er, and we show that $ is CAT(O) if and only if <S, viewed as an abstract simplicial 
complex over S, is a flag complex. 

If Tx is of type K{-k, 1) for all X G 5<oo, then 5<oo is complete and K{tt, 1) and is a fiag complex. 
Reciprocally, if 5 is a complete and K{Tr, 1) family and is a flag complex, then 5<oo C S and 
Tx is of type K{tt, 1) for all X G 5<oo (this is explained in more details in Section 4). So, the 
study of the families of subsets of S that are complete and K{tt,1) and that are flag complexes 
can be restricted without lost of generality to the study of 5<oo under the assumption that Tx 
is of type K{tt, 1) for all X G <S<oo. 

In Section 5 we assume that Tx is of type K{Tr, 1) and Ax has a solution to the word problem 
for all X G 5<oo, and we use the geometry of $ = ^(F,5<oo) to solve the word problem in A. 

In the last section we apply the previous results to the virtual braid group VB^- It is known that 
VBn is a semi-direct product VBn = Kn xi &n of an Artin-Tits group K^ with the symmetric 
group &n (see [38], [8]). Let TvB,n denote the Coxeter graph of K^ and let 5<oo be the set 
of subsets X C S such that (TvB,n)x is free of infinity. We prove that {TvB,n)x is of type 



K{tt, 1) and {Kn)x has a solution to the word problem for all X € <S<oo- We deduce that the 
cohomological dimension of Kn is n — 1, the virtual cohomological dimension of VBn is n — 1, 
and VBn has a solution to the word problem. 

Although our work is inspired by [19j and [4], most of our proofs are different. For some results 
we prefer to provide new proofs that we think are simpler. However, for other results, the proofs 
in [19j and/or in [4] cannot be extended because they are based on results on spherical type 
Artin-Tits groups that are wrong for the other Artin-Tits groups. To overcome this problem we 
develop new tools in Section 2. 

In Section 2 we start with a simplicial complex 0, = ^^(r), introduced by Charney and Davis 
pO] and, independently, by Salvetti |33, which has the same homotopy type as -E = Er- If 
T C S, then ri(rT) embeds in a natural way into r2(r). The main tool of this paper, proved at 
the beginning of Section 2, is the following. 

Theorem 2.2. The natural embedding QiTx) ^^ ^(^) admits a retraction ttt '■ ^(T) — > ri(r7^). 

The study of this retraction gives rise to some results on standard parabolic subgroups of vlr- 
Firstly, a straightforward consequence of the existence of this retraction is the following result, 
which, curiously, was unknown before: if T C S" and F is of type i^(vr, 1), then Tt is also of type 
K(Tr, 1) (see Corollary 2.4). We also give new proofs of some known results by Van der Lek [35]: 
for T C S, {At, St) is an Artin-Tits system of Fy, and, for R,T C S, we have ArHAt = ArciT 
(see Theorem 2.5). Finally, under the assumption that A has a solution to the word problem, 
we give an algorithm which, given T C S, a £ A, and a word co E (SUS^^)* which represents a, 
decides whether a € At, and, if yes, determines a word kt{uj) € {T^t U S^ )* which represents 
a (see Proposition 2.7). 

The paper is organized as follows. In Section 2 we study the retraction ttt '■ ^(F) — t- Jl(Fj') and 
its different applications. In Section 3 we define the complex $ = $(F,5) and prove that, if S 
is a complete and K{tt, 1) family of subsets of S, then ^ has the same homotopy type as the 
universal cover of £'r (Theorem 3.1). In Section 4 we define a cubical structure on $ and we 
show that <I> is a CAT(O) cube complex if and only if 5 is a flag complex (Theorem 4.2). In 
Section 5 we prove that the group ^r has a solution to the word problem if Tx is of type K(tt, 1) 
and Ax has a solution to the word problem for all X € 5<oo (Theorem 5.6). In Section 6 we 
apply the previous results to the virtual braid groups. 

2 Topology and combinatorics of parabolic subgroups 

We keep the notations of Section 1. So, F is a Coxeter graph, {W, S) is the Coxeter system 
of F, and {A,T,) = (ylr,S) is the Artin-Tits system of F. We assume W to be embedded into 
GL(y) via the canonical representation, where y is a real vector space of dimension 15"!. Let / 
be the Tits cone (see [TU] for the definition), let R = {wsw'^; s £ S and w £ W} be the set of 
reflections in W, and let 

E = Er = il xV)\ 




where, for r ^ R, Hy denotes the hyperplane of V fixed by r. Recah that, by [35], CA is the 
fundamental group of E and A = Ax^ is the fundamental group of E/W . 

Define the length of an element tf € VF to be the shortest length of a word on S representing 
w. It will be denoted by \g{w). Let X, Y be two subsets of S, and let w S W . We say that w is 
{X, Y) -reduced if it is of minimal length among the elements of the double-coset WxwWy- On 
the other hand, recall that 5-^ denotes the set of X C S such that Wx is finite. We define a 
relation < on W x S^ by: {u,X) < {v,Y) ii X CY, v~^u G VFy, and v'^u is (0, X)-reduced. 
It is easily checked that < is an order relation. The chains m. W x S^ form an (abstract) 
simplicial complex called derived complex oiW x S^ and denoted by {W x S^)' . The geometric 
realization of {W x S^)' is the Charney-Davis-Salvetti complex. It will be denoted by O = Q{r). 
As mentioned before, this complex has been introduced by Charney and Davis in [20j, and 
independently by Salvetti in [39] (Salvetti's construction is for spherical type Artin-Tits groups, 
but it can be easily extended to the general case). 

Theorem 2.1 (Charney, Davis [2U], Salvetti [5S]). There exists a homotopy equivalence Q ^ E 
which is equivariant under the action ofW, and which induces a homotopy equivalence ft/W — )• 
E/W. 

Let T be a subset of S. Set S;^ = {X £ Sf;X C T}. Observe that the inclusion {Wt x S^) ^ 
{W X S^) induces an embedding ri(rj') ^-)- il(r) which is equivariant under the action of Wt- 
The main result of the present section, which will be also the main tool in the remainder of the 
paper, is the following. 

Theorem 2.2. 

1. Let T be a subset of S. Then the embedding il.{TT) ^-> ^(r) admits a retraction 
ttt '. f^(r) -^ Q{Tt) which is equivariant under the action o/Wt- 

2. Let R and T be two subsets of S. Then the restriction of ttx to il.{Tf() coincides with 
TTRnT : ^O^r) -^ ^{TRnr)- 

The following lemma is a preliminary to the proof of Theorem 2.2. It is well-known and widely 
used in the study of Coxeter groups. It can be found, for instance, in the exercises of [10, Chap. 

4]. 

Lemma 2.3. 

1. Let X,Y be two subsets of S and let w G W. Then there exists a unique (X,Y)-reduced 
element lying in the double coset WxwWy- 

2. Let X C S and w G W. Then w is {%,X)-reduced if and only iflg{ws) > lg{w) for all 
s € X, and lg{ws) > lg{w) for all s & X if and only if lg{wu) = lg{w) + lg(n) for all 
u G Wx- 

3. Let X C S and w G W . Then w is {X , ^) -reduced if and only if lg{sw) > lg{w) for all 
s G X, and lg(su;) > lg{w) for all s € X if and only if lg{uw) = lg{u) + lg{w) for all 
u G Wx. 



Proof of Theorem 2.2. In order to prove the first part, it suffices to determine a set-map 
ttt '■ {W X iS-'^) -^ {Wt X Sj-,) which satisfies the following properties. 

• TTTiu,X) = {u,X) for ah {u,X) e Wt x S^. 

• TTT is equivariant under (left) action of Wt- 

• If (n,X) < (v,Y), themTT{u,X) <ttt{v,Y). 

Let {u,X) € W X S-^ . Write u = uqUi, where uq € Wt and ui is (T, 0)-reduced. Let Xq = 
T n uiXui . Then we set 

■KTiu,X) = {uo,Xo) . 

Note that, as Wxq C uiWxu^ , the group Wxq is finite, thus Xq € 5^. 

We obviously have 7rT{u,X) = {u,X) for all {u,X) G Wt x Sj,, and ttt is equivariant under 
the action of Wt- So, it remains to show that, if (u,X),{v,Y) G W x S^ are such that 
{u,X) < {v,Y), then TrT{u,X) < TrT{v,Y). 

Let {u,X),{v,Y) G W X S^ such that {u,X) < {v,Y)- Write u = uqUi and v = vqVi, where 
uo,vo G Wt and ui,vi are (T, 0)-reduced. Set Xq = T (1 uiWxv-i and Yq = T D viWyv^ . 
Then TrT{u,X) = {uo,Xq) and -itt{v,Y) = {vq,Yq). Let w = v~^u and wq = Vq uq- Since 
(n, X) < {v,Y), we have X C Y, w & Wy-, and w is (0,X)-reduced. We should show that 
Xq C Iq) ^0 £ l^yo) ^^"^ ^0 is (0, Xo)-reduced. We argue by induction on the length of w- It is 
easily shown that, if w = 1, then uq = vq and Xq C Yq, hence t:t{u,X) < 71^(1;, y). So, we can 
assume that \g{w) > 1 plus the inductive hypothesis. 

We write w = sw' , where s & Y, w' G Wy, and lg{w') = Ig^w) — 1. Let v' = vs. The 
element {v')~^u = w' lies in Wy and is (0, X)-reduced (because w is (0,X)-reduced), thus 
{u,X) < {v',Y). Write v' = Vqv[, where v'q G Wt and v[ is (T, 0)-reduced, and set Yq = 
Tri{v'i)Wy{v'i)^^. By induction hypothesis we have {uq,Xq) = ttt{u-,X) < TrT{v',Y) = {vq,Yq). 
Write Wq = {vq)~^uq- So, Xq C Yq, Wq G Wy, and w'q is (0,Xo)-reduced. 

Suppose that vis is (T, 0)-reduced. Then v'q = vq and v[ = vis. Moreover, it it easily shown 
that, in that case, Yq = Yq (thus Xq C Yq), wq = w'q £ Wy^, and wq is (0,Xo)-reduced. That is, 
7rT{u,X)<7rT{v,Y). 

So, we can assume that vis is not (T, 0)-reduced. We have Ig(fis) > Ig(fi), otherwise vis would 
be (T, 0)-reduced since vi is (T, 0)-reduced. On the other hand, by Lemma 2.3, there exists t £ T 
such that lg{tvis) < lg{vis). We also have lg{tvi) > Ig(fi) because vi is (T, 0)-reduced. By the 
exchange condition (see |16] . Page 47), these inequalities imply that tvi = vis. Then we have 
^0 ~ ^0*; v'l = vi, and, therefore, Yq = Yq and wq = Iw'q- A straightforward consequence of this 
is that Xq cYq = Yq and wq G Wy^ (since w'q G Wy^ and t = vis{vi)~^ G T n viWyv^^ = Yq). 
It remains to show that wq is (0, Xo)-reduced. Suppose not. Then we have Ig(ifo) = Ig(^^o) > 
Ig(w'o)) otherwise wq would be (0, Xo)-reduced because w'q is. On the other hand, by Lemma 2.3, 



there exists x € Xq such that Igitw^x) < lg{twQ). We also have lg{wQx) > Ig(tfo) smce Wq is 
(0, Xo)-reduced. By the exchange condition, it follows that twQ = w'qX = wq. Thus: 

X = {w'o)-h{w'o) = UQ^v'oXv'oy^uo G Wxo = WTn uiWxul^ 
=^ U'^VqIVq u = u^^vsv^^u = w^^sw G Wx 

=^ swWx = w'Wx = wWx ■ 

This contradicts the fact that w is (0,X)-reduced (recall that lg{w') < lg(w)). So, wq is (0,Xo)- 
reduced and, therefore, 7rT{u,X) < ttt^VjY). 

In order to prove the second part of the theorem, it suffices to show that the restriction of ttt 
to {Wr X 5^) coincides with vTRnT : {Wr x 5^) -^ {WRnT x ^^pr)- Let {u,X) e Wr x 5^. 
Write u = uqUi, where uq G Wt and ui is (T, 0)-reduced, and set Xq = T (1 uiWxu^ . We 
have TTTiujX) = {uo,Xq). Since u G Wr and lg(n) = Ig(iio) + lg(''^i)) we have uq G Wr, thus 
uo G Wr nWr = Wrdt- Moreover, by Lemma 2.3, ui is {R D T, 0)-reduced (since it is (T, 0)- 
reduced and RDT C T). Finally, ui G Wr, since u G Wr and lg(n) = Ig(no) + Ig('Ui), and 
Wx C Wr, since X C R, thus 

Xo = r n uiWxu];^ = snWrnWRn uiWxu:[^ 

= sn WRnT n lii Wxtfj"^ = RnTn uiWxu];'^ . 

This shows that TrRnT{u,X) = {uo,Xq). D 

Theorem 2.2 immediately implies the following, which, curiously, was unknown before. 

Corollary 2.4. Let T be a subset of S. IfT is of type K{it, 1), then Tt is also of type K{'k, 1). 

Theorem 2.2 also gives a new proof of the following result. (We point out here that Theorem 2.5 
is not needed in any known proof of Theorem 2.1!). 

Theorem 2.5 (Van der Lek [35J). 

1. Let T be a subset of S. Then the embedding Sy ^4- S induces an injective homomorphism 
A^rp — )• ^r- In other words, {At,T,t) is an Artin-Tits system ofTx- 

2. Let R and T be two subsets of S. Then Ar n At = Ar^t- 

Proof. Let T be a subset of S. We have the following commutative diagram, where the lines 
are exact sequences. 



1 ^ CAtt - 


-^ Att - 


-^ Wtt -^ 1 


i 


i 


i 


1 -^ CAy - 


-^ At - 


-^ Wt ^ I 



The homomorphism CAr^ — > CAr is injective by Theorem 2.2, and the homomorphism Wx^^, — > 
Wt is injective by [TU]. We conclude by the five lemma that the homomorphism ^r^ -^ ^r is 
injective, too. 



For a subset T C S we set CAt = CA n At- Clearly, CAj- is the colored Artin-Tits group 
of r^. Let R and T be two subsets of S. In order to prove the second part of the theorem, 
it suffices to show the inclusion Ar n At C AjiriT'- the reverse inclusion Af{p\T C A^ n At 
is obvious. Let a G ArD At- Set u = 6{a). Note that u G Wr D Wt = WnnT- Set 
ao = t{u). By construction, we have uq E ^i?nT- Let /3 = uuq . We have (3 G CA and 
/3 e Ai? n At, thus /3 G CAij n CAt- We have 7rT*(/?) = /3 since (i G CAy. On the other hand, 
by Theorem 2.2, 'Kt*{I3) = ■7rRnT*(/?) £ CA/jnT since /3 G CAr. Thus /3 G CA^nT, therefore 
a = /3ao G A^nT- □ 

We turn now to combinatorial questions on Artin-Tits groups, and, more precisely, on parabolic 
subgroups of Artin-Tits groups. Our goal for the remainder of the section is to show that there 
exists an algorithm which, given a subset T d S and a word w G (S U S"-*^)*, decides whether 
the element of A represented by u belongs to At, and, if yes, determines an expression kt{uj) of 
this element in (StUE^ )* (we will need, of course, to assume that A has a solution to the word 
problem) . We start with an explicit calculation of the homomorphism ttt '■ CA — >■ CAt induced 
by the map ttt '■ ^(r) -^ Q{Tt)- (Note that, from now on, in order to avoid unwieldy notations, 
we use the same notation for the map ^^(r) — )• ri(rT) as for the induced homomorphism CA — > 
CAt.) 

For w G W and s G S such that Ig(ws) > lg(w), we set 

6{w,s) = T{w)agT{w)^ , 

where t : W ^ A is the set-section oi 6 : A ^ W defined in Section 1. It is easily seen that 
5{w, s) G CA for all w € W and s G S such that Ig(ws) > lg(w), and that the set {(5(w;, s);w G 
W, s G S, and lg{ws) > lg{w)} generates CA. Moreover, there exists an algorithm which, 
given an element a G CA and an expression w G (S U S~^)* of a, determines wi, . . . , Wm G W, 
ti, . . . ,tm G S, and fii, . . . , fim £ {il}, such that lg(tf jtj) > Ig(wi) for all 1 < i < m, and 



Mr? 

rrn ''rrij 



a = 6{wi,ti)^^ ■ ■ ■ 6{wm,t 
The proof of this last fact is left to the reader. 

Let T be an abstract simplicial complex. A combinatorial path in T is defined to be a sequence 
{vo,vi, . . . ,Vn) of vertices such that Vi-i is linked to Vi by an edge for all 1 < i < n. Let 
7 = {vo,vi, . . . , Vn) be a combinatorial path in T. Let Oj be the edge in the geometric realization 
|T| which links Vi-i to Vi and to which we attribute an orientation from Vi-i to Vi. Then 
|7[ = aia2 ■ ■ ■ On is a path in |T| from vq to f„. It is called the geometric realization of 7. 

We denote hy p : i^ ^- Q/W the natural projection. We set xq = (1, 0) G fi and xq = p{xo). For 
all s G /S we define the combinatorial path 

7. = ((l,0),(l,M),(s,0))- 

It is easily deduced from [2^ and [39] that the natural isomorphism A — )• tti{Q/W,xq) sends ag 
to p(|7s|) for all s G S. 

Lemma 2.6. Let T be a subset of S. Let w (z W and s G S* such that lg{ws) > lg{w). 
Write w = wqWi, where wq G Wt and wi is {T,%) -reduced. Lf wis is (T,^) -reduced, then 



7rr((5(ti;, s)) = 1. If wis is not {T,$) -reduced, then there exists t ^T such that wis = twi and 
7rTi6{w,s)) = 5{wo,t). 

Proof. For w aW and s € S* we denote by "y{w, s) the combinatorial path 

-/iw,s) = {{w,^),iw,{s}),iws,9)) . 

Note that 'j{w, s) = w ■ 'fs- In order to avoid unwieldy notations, we will still denote by ^{w, s) 
the geometric realization of'j{w,s). We start calculating ttt{^{w,s)) and ttt{^{ws,s)), under 
the assumption that lg{ws) > lg{w). Write w = wqWi, where wq £ Wt and wi is (T, 0)-reduced. 
We have two cases, depending on whether wis is (T, 0)-reduced or not. 

Suppose that wis is (T, 0)-reduced. Then T n wiW^sj'^i = 0) that is wiswi T, otherwise 
it would exist t ^T such that wis = twi, and this would mean that wis is not (T, 0)-reduced. 
It follows that 

tttHw, 0)) = tttHw, {s})) = tttHws, 0)) = tttHws, {s})) = {wo, 0) . 

So, TTTi'jiw, s)) = 'Kt{'^{ws, s)) \s the constant path on {wq, 0). 

Suppose that wis is not (T, 0)-reduced. Then there exists t &T such that lg{twis) < lg{wis). 
Furthermore, we have lg(ti;is) > Ig(wi) and Ig(twi) > Ig(tfi) (since wi is (T, 0)-reduced), thus 
twi = wis and T n wiW^sjWi = T (1 wisW^sjSWi = {t}. Hence 

Miw,^)) = {wo,$), TrT{{w,{s})) = {wo,{t}), 
7rr((u's,0)) = (u'ot,0), TrTi{ws,{s})) = iwot,{t}). 

So, 

■kt{i{w, s)) = i{wq, t) and -nriliwa, s)) = -yiwot, t) . 

Now, we assume that lg(ti;s) > lg{w), and we calculate itt{S{w,s)). Write w = wqWi, where 

Wo € Wt and wi is (T, 0)-reduced. Let wq = si- • • Sr he a reduced form for wq, and let 

wi = Sr+i • • • s„ be a reduced form for wi. For < i < n we set Ui = si- ■ ■ Sj. By the above, we 

have 

-f{ui-i,Si) if 1 < i < r, 



I cst(^g 0) It r + i < « < n, 

where cstj-^^ g) denotes the constant path on (ttJo,0)- On the other hand, 

5{w, s) = 7(uo, Sl) • • • -f{Un-l,Sn)l{w, s)-f{ws, s)^{Un-l , Sn)~^ ■ ■ ■ ^{uq, Si)"^ . 

If Wis is (T, 0)-reduced, then, by the above, 

TTt{S{w, s)) = 7(uo, Si) • • • ^{Ur-l, SrhiUr-l, Sry^ • • • ^{uq, Sl)""^ = 1 . 

Suppose that wis is not (T, 0)-reduced. As shown before, there exists t a T such that wis = twi. 
Then, by the above, 

TTt{S{w, s)) = 7(uo, Si) • • • ^{Ur^l, Srh{wo,t)^{wot, t)^{Ur-l, Sr)~^ ■ ■ ■ j{uo, Si)~^ 

= 6{wo,t). D 



There is an algorithm which, given w G W, determines wo,wi G W such that w = wqWi, 
wq G Wt, and wi is (T, 0)-reduced. In particular, this algorithm decides whether w is (T, 0)- 
reduced or not. There is also an algorithm which, given wi a W and s & S such that wi is 
(T, 0)-reduced and wis is not (T, 0)-reduced, determines t & T such that wis = twi. These 
algorithms can be easily derived from the classical combinatorial theory of Coxeter groups (see 
[1], [To], |16j . or [22], for instance). By Lemma 2.6, it follows that there exists an algorithm 
which, given a G CA, a word w G (SUS~^)* which represents q, and a subset T C S, determines 
a word ttt{uj) G (Sy U T,^ )* which represents TTxia). Thanks to this, we can now prove the 
following. 

Proposition 2.7. Assume that A has a solution to the word problem. Then there exists an 
algorithm which, given a £ A, a word a; G (S U S^"*^)* which represents a, and T C S, decides 
whether a G At and, if yes, determines a word kt{uj) G (Sy U S^ )* which represents a. 

Proof. Set w = 9 (a), li w ^ Wt, then a At- So, we can assume that w G Wt- Recall 
that there exists an algorithm which determines a reduced form w = si- ■ ■ Sn for w (see [IB] for 
example). Furthermore, we have w G Wt if and only if si, . . . , s„ G T. Set f{w) = asi ■ ■ ■ o's„- 
Then, by the above, f{w) G (Sy U S^ )*. Set /3 = aT{w)~^. We have a G At if and only if 
/3 G CA nAT = CAt, we have f3 G CAt if and only if TTTi/3) = /?, and we have 7rT(/3) = /3 if 
and only if 7fj'(a;f(?i;)~^) and ujf{w)~^ represent the same element in A. Applying a solution to 
the word problem in A, we can check whether TTT{ujf{w)~^) and ujf{w)~^ represent the same 
element in A. Moreover, if they represent the same element, then kt{uj) = TTT{ujf{w)~^)f{w) is 
a word in (Sy U S^ )* which represents a. D 

3 Charney-Davis-Deligne Complex 

The main tool in the study of the K{7r, 1) problem in [19j is a simplicial complex (which admits 
a cubical structure, but this will be seen later) having the same homotopy type as the universal 
cover of the space E defined in Section 1. This complex is a CAT(O) cube complex if (and 
only if) the Coxeter graph is of FC type. It is also CAT(O) if the Coxeter graph is so-called 
of dimension 2, but with a metric different from its cubical metric. By standard arguments, in 
both cases, the existence of a CAT(O) metric on $ implies that $ is contractible and, therefore, 
that E is an Eilenberg MacLane space. This complex is defined as follows. 

Recall that S^ denotes the set of X C S such that Wx is finite. We denote by ^ = A{T,S-I^) 
the set of cosets a Ax with a £ A and X G 5-^, which we order by inclusion. Then the Charney- 
Davis-Deligne complex is ^ = ^{r,S^) = \A'\, the geometric realization of the derived complex 
of A 

In order to prove that $ has the same homotopy type as the universal cover of E, Charney and 
Davis strongly use some Deligne's result [23] which says that all spherical type Coxeter graphs 
are of type K{tt,1). Our idea in the present section is to construct such a space $ replacing the 
family iS-' by some family S of subsets of S satisfying: (1) li X G S and Y C X, then Y £ S, 
(2) Tx is of type K{Tr, 1) for all X £ S. For some technical reason, we should also add the 
condition: (3) X G 5 if Tx is of spherical type (otherwise our space $ would not have the same 
homotopy type as the universal cover of E). A family S of subsets of S which satisfy (1), (2) 
and (3) will be called complete and K{tt, 1). 
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Let 5 be a complete and K{7r,l) family of subsets of S. We denote hy A = A{T,S) the set 
of cosets aAx with a a A and X G 5, which we order by inclusion. Then the Charney-Davis- 
Deligne complex relative to 5 is $ = $(r,5) = |^'|, the geometric realization of the derived 
complex of A. The main result of the present section is the following. 

Theorem 3.1. Let S be a complete and K{tt, 1) fam,ily of subsets of S. Then $ = <l>(r,5) has 
the same homotopy type as the universal cover of Q = Q{T). 

Our proof of Theorem 3.1 is independent from the proof of Charney and Davis (see |19] ) for the 
case S = S-' . Actually, we do not know how to extend the proof of Charney and Davis to the 
general case. 

We start with the description of the universal cover of Q. We define a relation < on ^ x 5-' 
by: {a,X) < {/3,Y) ii X C Y and /3~^a is of the form /3~"^a = t{w), where w G Wy and w is 
(0, X)-reduced. It is easily verified that this relation is an order relation. Then we denote by 
Cl = (l{T) the geometric realization of the derived complex of {A x S^ ,<). 

Lemma 3.2. We have Vt/CA = Vt. In particular, since '7ri(il) = CA, Vt is the universal cover 

ofn. 

Proof. Observe that the quotient of A x S-^^ by CA is equal to W x S'^ as a. set. Let p : 
{A X 5-^) -^ {W X S^) be the quotient map. Then, in order to show the equality Cl/CA = Q, it 
suffices to prove the following three claims. 

• Let (a, X), (/3, Y) £ A x S^ . If (a, X) < (/3, Y), then p{a, X) < p{/3, Y). 

• Let {a,X) e A X S^ and {v,Y) eWx S^. lfp{a,X) < {v,Y), then there exists a unique 
element {^,Y) e A x S^ such that {a,X) < (/3,y) and p{f3,Y) = {v,Y). 

• Let (/3, Y) e Ax S-f and {u, X) e W x S-^ . If {u, X) < p{(3, Y), then there exists a unique 
(a, X) eAx Sf such that (a, X) < (/3, Y) and p{a, X) = (u, X). 

The proofs of these three claims are left to the reader. D 

Now, the proof of Theorem 3.1 is a direct application to 0, of the following result. This is a 
straightforward and well-known consequence of some Weil's classical result (see [H] ) . 

Theorem 3.3. Let T be a simplicial complex. Let U be a family of simplicial subcomplexes of 
T satisfying the following properties. 

• UueuU = T. 

• For all X E T, the set of U &U such that x (z U is finite (we say that U is locally finite^. 

• Let f/i, C/2 G U. If [/i n [/2 / 0, then C/i n f/a E U. 

• Every U (zU is contractible. 
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We order U by the inclusion, and we denote by ^ = \U'\ the geometric realization of the derived 
complex ofU. Then <l> has the same homotopy type as T. 

Proof of Theorem 3.1. Let T be a simplicial complex, and let X be a set of vertices of T. 
Then the full subcomplex of T generated by X is defined to be the simplicial complex over X 
formed by all the simplices of T having their vertices in X. 

Let X ^ S. The inclusion Ax x S{^ ^^ Ax S^ induces an embedding ^{Tx) ^^ ^- Let a (z A 
and X € 5. To the coset aAx one can associate the subcomplex U{aAx) = aVt(Tx) of il. Note 
that U{aAx) is the full subcomplex of fi generated by aAx x S{^. In particular, the definition 
of U{aAx) does not depend on the choice of a G aAx-, and we have U[aAx) = C/(/3yly) if and 
only if aAx = (iAy- Now, in order to apply Theorem 3.3, we need to show the following: 

1. Let aAx, P Ay G A. We have U{aAx) C U{I3Ay) if and only if aAx C PAy. 

2. Uc,Ax<^AU{aAx) = n. 

3. Let (a, X) G ^ x 5-^ be a vertex of (7. Then the set of 13 Ay G A satisfying (a, X) G U{I3Ay) 
is finite. 

4. Let aAx,f3AY G A such that U{aAx) D C/(/3^y) ^ 0. Then there exists -fAz G A such 
that U{aAx) n U{f3AY) = U{-fAz). 

5. U{aAx) is contractible for all aAx G A. 

We start proving (1). Observe that, if X is a subset of S, then Ax n S = T,x- The inclusion 
Sx C Ax n S is obvious. Reciprocally, if as G Ax n S, then 0{as) = s G Wx Ci S = X, thus 
as G T.X- Now, let a^x,/3-4y G A such that C/(a^x) C C/(/3^y). Since C/(a^x) is the full 
subcomplex generated by aAx x SJ^ and [/(/3^y ) is the full subcomplex generated by (3 Ay x Sy, 
we have aAx C PAy- Suppose that aAx C /3Ay. Then aAy = pAy, thus 

Sx = Ax n S = a^^aAx n S C a^^a^ly n S = Ay n S = Sy , 

hence X CY, therefore S^ C 5^. It follows that {aAx x cS^) C (/3Ay x 5^), thus U{aAx) C 

C/(/3yly). 

Let (ao)-'^o) < (01,-^1) < • • • < {ap,Xp) be a chain in A x 5-', and let A = A((ao,-^o)) • • • ) 
{ap,Xp)) be its associated simplex in Q. Then Xp G 5-^ C 5 and A C apCl{Txp) = U{apAxp)- 
This shows that L)aAxeAU{aAx) = ^■ 

Let {a,X) e Ax Sf. Then the set of pAy G A satisfying {a,X) G C/(/3Ay) is {aAy;X C 
Y and y G 5}, which is clearly finite. 

Let aAx,PAY G A such that C/(aAx) n U{PAy) ^ 0. The set of vertices of U{aAx) being 
aAx X SJ^ and the set of vertices of U{PAy) being pAy x Sy, we have aAx n pAy ^ 0. Take 
7 G aAx n pAy and set Z = X n F. We turn now to show that U{aAx) n U{pAy) = U{--fAz). 
Note that aAx = jAx and pAy = 'jAy, thus the inclusion U{'yAz) C ^/(aAx) n U{PAy) is 
obvious. So, we just need to prove U{aAx) n U{PAy) C U{'yAz). Since C/(aAx) and C/(/3Ay) 
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are full subcomplexes of Cl, U{aAx) n U{/3Ay) is also a full subcomplex of (l. So, in order to 
prove U(aAx) n U{PAy) C U{-fAz), it suffices to show that every vertex of U{aAx) D U{13Ay) 
is a vertex of U{jAz). Let {6,T) be a vertex of U{aAx) n f7(/3^y). Then 6 G aAx n jdAy = 
J Ax n 7^y = j{Ax n ^y) = jAz, and T G 5 j^ n 5^ = 5^, thus {6, T) is a vertex of U{-fAz). 

Finally, the hypothesis "5 is complete and -ftr(7r, 1)" implies that U{aAx) = aVt{Tx) is con- 
tractible for every coset aAx & A. D 

4 Cubical structure on $ and metric properties 

A geodesic segment in a metric space (£^, d) is an isometric embedding of an interval [0, /] into 
E. A metric space [E, d) is called geodesic if any two points of E are joined by a geodesic 
segment. A geodesic triangle T is three geodesic segments 71,72,73 that join three points in E. 
Then a comparison triangle for T in the Euclidean plane E^ is defined to be a geodesic triangle 
T = (71,72,73) in the plane E^ such that the lengths of -/i and 7^ are equal for all i = 1,2,3. 
Note that such a comparison triangle always exists and is unique up to isometry. For a point 
X in 7j we denote by x the corresponding point in 7j. We say that the triangle T is CAT(O) if, 
for every pair x, y of points in T, the distance between x and y is less or equal to the distance 
between x and y. A geodesic metric space {E, d) is called CAT(O) if all its triangles are CAT(O). 
The study of CAT(O) spaces and the discrete groups acting on them is an active domain in 
mathematics. We refer to [12j for a complete and detailed account on this theory. We just recall 
here that CAT(O) spaces are contractible. 

A cube complex is a polyhedral cell complex E such that each cell is isometric to some standard 
cube [0, 1]" in a Euclidean space, and such that the gluing maps are isometrics. We should 
specify here that E must be regular, in the sense that two different facets of a cube cannot 
be glued together. If the dimension of the cubes is bounded, then such a space is a complete 
geodesic metric space (see pT]). 

Let ii^ be a cube complex, and let u be a vertex of E. The link oi E m. v is the set link(t', E) = 
{x G E;d{v,x) = e} of points in E at distance e from v, where e is a real number strictly less 
than 2- The cellular decomposition of E induces a cellular decomposition of link(f,£'), where 
each cell is naturally a simplex, but this decomposition is not necessarily a triangulation (in 
the sense that this is not necessarily a simplicial complex). For example, if we glue two squares 
along their boundaries, then the link of the space at any vertex is not a simplicial complex. We 
say that E is locally regular if link(v, E) is a simplicial complex for every vertex v of E. 

Let E he a locally regular cube complex, and let w be a vertex of E. Then link(f , E) is the 
geometric realization of an abstract simplicial complex Link(u,£') defined as follows. (1) The 
vertices of Link(f , E) are the vertices u of E such that [u, v] is an edge of E; (2) {uq, . . . , Up} is 
a simplex of Link(f , E) if there exists a cube (cell) in E containing {v, uq,ui, . . . , Up} in its set 
of vertices. 

Let T be an (abstract) simplicial complex, and let V be its set of vertices. A subset A of ^ is 
called a presimplex if {li, v} is an edge {i.e. a 1-simplex) for all u,v (z A, u ^ v. We say that T 
is a flag complex if every presimplex is a simplex. 
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The following is a simple a useful criterion for a cube complex to be CAT(O). 

Theorem 4.1 (Gromov [30j). Let E be a simply connected finite dimensional cube complex. 
Then E is CAT(O) if and only if it is locally regular and Link(f , E) is a flag complex for every 
vertex v of E. 

Now, we turn back to the situation where F is a Coxeter graph, (W, S) is its associated Coxeter 
system, and {A,T,) = (Ar,S) is its associated Artin-Tits system. We assume given a complete 
and K{Tr,l) family S of subsets of S, and we set $ = <^(r,5). Note that this family, being 
closed under inclusion, can (and will) be considered as a simplicial complex over S. 

We start endowing $ with a structure of locally regular cube complex. 

We set S = {si, . . . , Sn}- Let K^ = [0, 1]" denote the standard cube of dimension n, and let 
V{S) denote the set of subsets of S. There is a bijection v from V{S) to the set of vertices of K^ 
defined as follows. Let T G V{S). Then v{T) = (ei, . . . , e„), where £« = 1 if Sj G T, and Ej = if 
Si ^ T. With every pair (R, T) of subsets of S such that R C T, one can associate a face of iT", 
denoted by K{R, T), whose vertices are of the form v{U) with R G U C T. It is easily seen that 
every face of K"' is of this form. Assume V{S) to be endowed with the inclusion relation. Then 
the geometric realization |P(S')'| of the derived complex of 7^(5) is a simplicial decomposition of 
K". For RcT CS, the face K{R, T) is the union of the simplices A(C/o, C/i, . . . , C/p) of \V{S)'\ 
such that Uq = R C Ui C ■ ■ ■ d Up = T . 

For a (z A and R,T £ S such that R C T, there is a map from K{R, T) to $ which sends a 
simplex A(i?, [/i, . . . , Up-i,T) to the simplex A{aAii, aAjjj^, . . . ,aAu^_-^^, a At) of <1>. It is easily 
checked that this map is injective and that its image is a cube which depends only on the cosets 
aApt and aAx- This cube will be denote by C{aAj^, aAx)- Note that every face of C{aA{i, oAt) 
is of the form C{aAu-^,aAif2), where R C Ui C U2 C T. We leave to the reader to check that 
the set of cubes of the form C{aAji, aAx), with a €z A and R, S £ S, R C T, endows ^ with a 
structure of locally regular cube complex. From now on, we will always assume $ to be endowed 
with this cubical structure. 

The main result of this section is: 

Theorem 4.2. <I> is CAT(O) if and only if S is a flag complex. 

Remark. Recall that 5<oo denotes the set of subsets X d S such that Tx is free of infinity. 
Let 5 be a set of subsets of S which is complete and K{tt, 1), and which is a flag complex. Let 
X G 5<oo- We have {s,t} £ S^ C S for ah s,t £ X, s ^ t, thus X £ S. So, 5<oo C S. It is 
easily seen that <S<oo is closed under inclusion, contains S^ , and is a flag complex. Moreover, 
as <S<oo C 5, Tx is of type K{tt,1) for all X £ 5<oo- So, the construction of the complex 
$ = <i>(F,5) is interesting in its own for any (complete and K^n, 1)) family of subsets of S, but 
Theorem 4.2 is useful essentially in the case S = S<^oo- However, it gives a new proof to the 
following result due to Ellis and Skoldberg. 

Corollary 4.3 (Ellis, Skoldberg |26j). F is of type K(tt, 1) if and only ifTx is of type K{Tr, 1) 
for all X £ 5<oo- 
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The case 5 = 5-^ in Theorem 4.2 is one of the main results in |19] . Actually, our proof is 
substantially the same as the proof in y^] except in one point. As in [TU], we will show that, 
for every vertex v of $, Link(z;, $) can be decomposed as the join of a finite simplicial complex 
with some Artin-Tits complex (see Proposition 4.9). This "Artin-Tits complex" is always a flag 
complex (see Proposition 4.5), thus Link(t>, $) is a flag complex if and only if the finite part in 
the decomposition is a flag complex. In their work [19], Charney and Davis need to consider 
only Artin-Tits complexes of spherical type, and, in order to prove that these complexes are flag 
complexes, strongly use the combinatorial study of spherical type Artin-Tits groups made by 
the first author in [T7] and [18]. This study cannot be extended to the other Artin-Tits groups, 
and our proof of Proposition 4.5 use different tools such as those introduced in Section 2. 

We start the proof of Theorem 4.2 with the study of what we call "Artin-Tits complexes". 

For s € S, we set W^ = Ws\{s}- The Coxeter complex of T, denoted by Cox = Cox(r), is the 
(abstract) simplicial complex defined by the following data. (1) The set of vertices of Cox is 
the set of cosets {wW^] s e S,w e W}. (2) A family {woW^°,wiW'^^, . . . jWpW^^p} is a simplex 
of Cox if the intersection wqW^" D wiW^^ n • • • n WpW^p is nonempty. For X C 5, X / 0, we 
set W^ = Ws\x- Let X C S*, X / 0, and w e W. With the coset wW^ we can associate 
the simplex A{wW-^) = {wW'^;s € X} of Cox. Every simplex of Cox is of this form, and we 
have A{uW-^) = A{vW'^) if and only if uW'^ = vW^ . We refer to [1] for a detailed study 
on Coxeter complexes. We just mention here that these complexes are fiag complexes (see [1], 
Exercise 3.116). This will be used in the proof of Proposition 4.5. 

For s S S", we set A^ = AgxigX. The Artin-Tits complex of F, denoted by Art = Art(F), is the 
(abstract) simplicial complex defined by the following data. (1) The set of vertices of Art is the 
set of cosets {aA'^;s e S,a e A}. (2) A family {oqA'^o , aiA'^^ , . . . , apA^p} is a simplex of Art if 
the intersection aoA^° n aiA'^^ n • • • n OpA^p is nonempty. 

For X C S", X / 0, we set A^ = As\x- Let X C S, X ^ 0, and a € A. With the coset aA^ 
we can associate the simplex A{aA ) = {aA^;s € X} of Art. As for the Coxeter complexes, 
we have the following. 

Lemma 4.4. If A is a sim,plex of Art, then there exist a ^ A and X C S, X 7^ 0, such that 
A = A{aA^). Moreover, we have A{aA^) = A(/3^^) if and only if aA^ = j3Al^ . 

Proof. Let A be a simplex of Art. Let ao^**"; • • • ^cipA'^p be the vertices of A. By definition, 
the intersection of the OjA^^'s is nonempty. Choose some (3 in n^^Qajvl'**. Then the vertices of 
A are jiA'^^ , . . . , (3A^p . Let i,j G {0, . . . ,p}, i / j. Since (iA^^ is different from jiA'^^ , we have 
Si / Sj. Set X = {so, . . . , Sp}. Then X is of cardinality p + 1 and A = A{fiA^). 

Let Q € ^ and X C 5, X 7^ 0. We have f^saxA"" = A^ (see Theorem 2.5), thus r\s&xaA'' = 
aA^ . Since {aA**; s € X} is the set of vertices of A{aA^), this shows that A{aA^) determines 
aA^ . D 

Proposition 4.5. Art is a flag complex. 

The following lemmas 4.6 and 4.7 are preliminaries to the proof of Proposition 4.5. 
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Lemma 4.6. Let X,Y be two subsets of S, and let a G CA. If CAx n aCAy ^ 0, then 
TTxia) G CAx n aCAy. 

Proof. Let /3 G CAx n aCAy. Write a = /37, where 7 G CAy. By Theorem 2.2, we have 
7rx(7) = T^xnYil)- In particular, 7rx(7) G CAxnY C C^y. Thus, 

TTx{a) = 7rx(/?)7rx(7) = /3vrx(7) e /3CAy = aCAy . D 

Lemma 4.7. Let ai,a2,a3 £ A, and let Xi,X2,X3 be three subsets of S . If aiAx^DajAx 7^0 
for all i,j G {1, 2, 3}, i/ien aiAxi n 02^X2 1^ 03^X3 / 0- 

Proof. Let /3i,/32,/33 G CA, and let Xi,X2,X3 be three subsets of S such that fiiCAx^ n 
/?^.CAx, / for ah i,i G {1,2,3}. Let 7 G /?fV2CAx2 n /3f ^/SgCAxa- Since C^Xi n 
l3^^j32CAx2 7^ and CAxi n /3f VaC^Xg 7^ 0, by Lemma 4.6, we have 7rxi(7) G C^Xi n 

/^f I/32CAX2 n /3f V3CAX3, thus /?iCAxi n /32CAX2 n p^CAx, ^ 0. 

Now, let ai, 02, 03 G A, and let Xi, X2, X3 be three subsets of S such that a-iAx^ n oijAx^ 7^ 
for all i,j G {1,2,3}. Set m = 9{ai) for ah i = 1,2,3. We have uiWx, n wjVFx,- 7^ for aU 
i,j G {1,2,3}, thus, since Cox is a flag complex, the intersection uiWxi n U2WX2 H usVFxa is 
nonempty. Choose w G uiWxi n U2WX2 ^ u^Wxz- Without loss of generality, we can assume 
that 6{ai) = w (i.e. Ui = w) for all i = 1,2,3. Set /3j = T{w)^^ai for all i = 1,2,3. Note that 
f3i G CA for all i G {1,2,3}, and /3iAx, n /3jAx^ ^ for all i,j G {1,2,3}. Now, we show that 
PiCAxi n fijCAx- 7^ for all i^j G {1,2,3}. By the previous observation, this implies that 
r\^i=iPiCAx, + 0, thus nf^i^Ax, i- 0, therefore nf^^ai^Xi 7^ 0- 

Let i,j G {1,2,3}, i 7^ J. Let 7 G /Si^x^ n /?jAx,.. We write 7 = /3i/3,' = /3j/3^., where /3,' G ^x, 
and /?j G Ax^. Since A,/?^ G CA, we have d[ff^ = 0(/3p G VFx, n Wx^ = VFx.nx,- Let w' be 
this element. Then t{w') G Ax^nXj = Ax^ n Ax^, thus 

A/3,'r(u;')~' = /3j(3'jT{w')-^ G ftCAx, n /3,-CAx, . D 

Proof of Proposition 4.5. Let [/ = {oq^'^") aiA^'^, . . . , OpA^'p} be a family of vertices of Art 
such that aiA^^ dOjA'^^ 7^ for all i,j G {0, 1, . . . ,p}. We show that ci^^QaiA^* 7^ by induction 
on p. The case p = 1 is trivial and the case p = 2 is proved in Lemma 4.7, thus we can assume 
that p > 3, plus the inductive hypothesis. 

Set X = {so,si, . . . ,Sp_2}- By induction, nfl'oQjA''' ^ 0. Let /3 G nfJoajA*'. Then nfJoaiA** 
= f3A^. By induction again, 13 A^ n ap^iA^'p-^ / and f3A^ n apA^'p ^ 0. By the starting 
hypothesis, ap^iA^p-'^ n apA^p 7^ 0. By Lemma 4.7, we conclude that 

nLo"i^'' = /5^^ n ap_iA"p-i n apA'p 7^ . D 

Now, we turn back to the study of the Charney-Davis-Deligne complex. 

Let Ti and T2 be two simplicial complexes, and let Vi and V2 be their respective sets of vertices. 
The join of Ti and T2 is the simplicial complex Ti * T2 defined by: (1) Vi U V2 is the set of 

16 



vertices of Ti * T2, (2) A C Vi U V2 is a simplex of Ti * T2 if A n Vi is a simplex of Ti and 
A n V2 is a simplex of T2. It is clear that Ti * T2 is a flag complex if and only if Ti and T2 are 
both flag complexes. 

Recall that, for a G A and R,T G S, R C T, we denote by C{aAji, oAt) the cube of <5 union of 
the simplices A{aAug , aAjj-^ , • • • , aAij^ ) such that R = Uq C Ui C ■ ■ ■ C Up = T. For a & A and 
r € 5, we set x(a^r) = C{aAT, aAx)- This is a vertex of <^ (viewed as a cube complex), and 
every vertex of <^ is of this form. On the other hand, for T G 5, we denote by C{T) = C(T, S) 
the simplicial complex defined as follows. The vertices of C(T) are the elements s (^ S \T such 
that T U {s} € 5. A subset X C S \T is a. simplex of C{T) if T U X S 5. The key point in the 
proof of Theorem 4.2 is the following. 

Proposition 4.9. Let a G A and T e S. Then 

Unk{x{aAT), $) ~ C{T) * Art(rr) . 



Proof. We denote by V{T) the set of vertices of a given simplical complex T. Consider the 
map / : V{C{T)) U y(Art(rT)) ^ V{Link{x {a At), ^)) defined as follows. If s G V{C{T)), then 

f{s) = x(a^ru{s}) • 
If 13 A^ = /3Arp\is} is a vertex of Art (Ft), then 

It is easily seen that / is well-defined and is a one-to-one correspondence. So, it remains to show 
that / induces a bijection between the set simplices of C{T) * Art(Fr) and the set of simplices 
of Link{x{a At), ^). 

Let A be a simplex of C{T) * Art(F7^). By definition, there exist a simplex X of C{T) and a 
simplex A(/3A^) of Art(FT) such that A = X U A{(3A^). Consider the cube C = C{aPAT\Y, 
oAtux) of ^. Then x^oAt) is a vertex of C, f{s) is a vertex of C for all s £ X, and f{f3Aip) is 
a vertex of C for all t (^Y, thus /(A) is a simplex of Li'nk{x{aAT), ^)- 

Let A be a simplex of Link(a;(a^T); ^)- Since / is a bijection, there exist si, . . . , Sp € V{C{T)) 
and /3i^*i,...,/3,^*^ G F(Art(FT)) such that f{si),...,f{sp),f{(3iA'^),...,f{(3qA''^) are the 
vertices of A. By definition, there exists a cube C of $ such that x{aAT) is a vertex of C, 
and /(si), . . . , f{sp), f{(3iA*^), ... , f{/3gA^i) are vertices of C. There exist 7 G ^ and X,Y eS, 
X cY, such that C = C{^Ax,jAy)- Set A'^^ = {si, . . . , Sp}. For all 1 < i < p we have 

f{si) = aATu{s,} C -/Ay = oAy , 

thus Si G Y. This implies that T U A'^ C Y, thus T U A'^ G 5 (since Y G S), therefore A'^ is a 
simplex of C{T). Set A'2 = {/(/?i^*i), . . . , /(/3g^*«)}. For ali 1 < j < q we have 
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thus n^^^/SjA*^ 7^ 0, therefore Ag is a simplex of Art (Ft). Finally, A' = A'^ U Ag is a simplex 
of C{T) * Art(rT), and A = /(A'). D 

Proof of Theorem 4.2. By Theorem 3.1, $ is simply connected. So, by Theorem 4.1, $ 
is CAT(O) if and only if Link{x{aAT),^) is a flag complex for every vertex x^aAx) of $. By 
Propositions 4.5 and 4.9, Link(x{aAT), ^) is a flag complex for every vertex x{aAT) of <1> if and 
only if C(T) is a flag complex for every T € 5. It is easily checked that, for T £ S, C{T) is a 
flag complex if £(0) = 5 is a flag complex, thus C{T) is a flag complex for every T G 5 if and 
only if 5 is a flag complex. D 

5 Word problem 

In [Ij Altobelli and Charney use the geometry of <&(r,5-') to determine a solution to the word 
problem in the FC type Artin-Tits groups. In a similar way, we turn now in this section to use 
the geometry of $ = $(r,5<oo) to determine a solution to the word problem in A, when Tx 
is of type K{'i:, 1) and Ax has a solution to the word problem for all X G 5<oo- Our solution 
is inspired by that of Altobelli and Charney, but is different in the details. Indeed, Altobelli 
and Charney use several results on spherical type Artin-Tits groups from [T7], [18], and [3], and 
these results cannot be extended to the other Artin-Tits groups. To overcome these difficulties, 
we will use other tolls including those developed in Section 2. 

Let £^ be a CAT(O) cube complex. The star of a cube C, denoted by Star(C), is defined to 
be the union of all the cubes of E that contain C. On the other hand, we say that two cubes 
Ci and C2 span a cube if there exists a cube in E containing both, Ci and C2. In that case, 
the smallest cube of E containing Ci and C2 is called the cube spanned by Ci and C2, and is 
denoted by Span(Ci,C2). 

Let X and y be two vertices of E. A cube path of length n from x to y is a sequence (Ci, . . . , C„) 
of n cubes of E such that (1) x is a vertex of Ci, and y is a vertex of C^, (2) Ci fl C^+i 7^ for 
all 1 < i < n — 1. If X = y, we admit there is a (unique) cube path of length from x to x. We 
say that a cube path C = (Ci , . . . , C„) is normal if (1) dim Cj > 1 for all 1 < i < n, (2) Ci n Q+i 
is a vertex, denoted by Xj, for all 1 < i < n — 1, (3) Ci = Span(xj_i, Xj) for all 1 < z < n, where 
xo = X and x„ = y, (4) Star(Cj) fl Cj+i = {xj} for all 1 < i < n — 1. 

Theorem 5.1 (Niblo, Reeves |36)). Let E be a CAT(O) cube complex, and let x and y be two 

vertices of E. Then there exists a unique normal cube path from x to y in E. 

Now, let r be a Coxeter graph, let iW, S) be its associated Coxeter system, and let (A, S) be its 
associated Artin-Tits system. We assume that Tx is of type K{tt, 1) and Ax has a solution to 
the word problem for all X € 5<oo. We set $ = <I>(F,5<oo), which is supposed to be endowed 
with its cubical structure. So, by Theorem 4.2, <I> is CAT(O). We start with some technical 
preliminaries (Lemmas 5.2 - 5.4). 

Lemma 5.2. Let Ci = C{aiAii^,aiAT^) and C2 = C{a2Aji^,a2AT2) be two cubes of ^. Then: 
1. Ci n C2 7^ i/ and only if Ri U R2 C Ti n T2 and a^ 012 € ^TinT2- -^^ ^^(^'^ case, 

Ci n C2 = C(Qi^ij, ai^TiHTa) , 
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where R is the smallest subset of S satisfying RiU R2 C R C Ti r\T2 and a^ 02 € Aji. 
2. C\ and C2 span a cube if and only if aiAji-^ nQ2^R2 ¥" ^ o,nd T1UT2 € <S<oo- In that case, 

Span(Ci, C2) = C(QAijinR2' "^TiUTa) , 
where a is any element in ai^^j^ D a2^_R2- 

Proof. Suppose that Ci n C2 ^ 0. Let x{f3Ax) be a vertex in Ci n C2. Then aiAji^ C f3Ax C 
uiAt^ and a2Aji^ C PAx C a2^72- ^^ follows that Ri d X <Z Ti and i?2 C X C T2, thus 

i?i U i?2 C X C Ti n T2. Moreover, aiAx = /?Ax = «2^X5 thus a|f 02 €E ^x C ylr;^nT2- 



and 



Suppose that i?i U i?2 C Ti n T2 and a^ 02 ^ ^TinT2- Then aiA/jj C ai74j'^nT2 C aiAx--^ 
a2^i?2 "^ a2^TinT2 = ai^TinT2 C a2AT'2, thus a;(aiy4TjnT2) G Ci n C2, therefore Ci fl C2 7^ 

Suppose that Ci n C2 / 0. Let R be the smallest subset of S such that i?i U i?2 C i? C Ti n r2 
and a^ 02 £ Ar. Set C = C(aiyl/j, aiylTinT2)- It is easily seen that C C Ci fl C2. Let 
x(/3^x) be a vertex in Ci n C2. As before, we have i?i U i?2 C X C Ti n T2, aj~ 02 G Ax-, and 
ctiAx = PAx- By minimality of i?, it follows that i? C X C Ti n T2, thus x{l3Ax) is a vertex 
of C. So, Ci n C2 C C. 

Suppose that Ci, C2 span a cube. Let C = C(qA^, uAt) be a cube containing Ci and C2. Then 
aA/j C aiAii^ C aiAx^ C aA^ and aA/j C a2^/?2 ^ 012AT2 C aA^, thus uiAr^ n a2^_R2 / ^5 
because it contains a. Moreover, Ti U T2 C T, thus Ti U T2 € 5<oo, since T € 5<oo- 

Suppose that aiAji^ n a2AR.-, ^ and Ti U T2 € 5<oo- Let a G ai^Ri n a2^_R2- Notice that 
a^i?iniJ2 = «i^i?i na2-4ij2- Then 

a^i?iniJ2 C aiA/jj C oi^Ti C aiylriuT2 = a^TiUT2 , 
a^i?ini?2 C a2^i?2 ^ a2^T2 C a2^TiUT2 = a^TiUT2 , 

thus C(a^ij^ni?2) '^^TiUT2) contains Ci and C2. It is easily checked that, in this case, we have 
C(a^ij,ni?2) «^TiUT2) = Span(Ci, C2). D 

Lemma 5.3. There exists an algorithm which, given X,Y,Z£ 5<oo; an element a € Az, and a 
worduj G (S^US^ )* which represents a, decides whether a Ax r\ Ay 7^ and, if yes, determines 
a word i{oj) € (Sypz U Sy^^)* which represents an element in aAx H Ay ■ 

Proof. Assume given X,Y,Z G 5<oo, a G ^z, and oj G (S^ U S^ )* which represents a. Set 
w = 9{a). Write ti; = t^o^i) where wq G Wy and wi is (y, 0)-reduced. Recall that there is an 
algorithm which determines this decomposition. Note also that wq,wi G Wz, since ti; G Wz and 

First, we show that wWx H WV 7^ if and only if ti;o G wWx- Clearly, if ti;o G wWx, then 
ti;o G ti;VFx n Wy, thus wT^x n Wy ^ 0. Assume that ti;VFx n Wy ^ 0. Let v G wWOc n Wy- Let 
Wo be the element of minimal length in vWx = wWx- Then t;o is (0, X)-reduced and v can be 
written v = vqVi, where vi G Wx and lg(t;) = Ig(fo) + Ig(^i)- Since t; G Wy, this last equality 
implies that vo,vi G Wy- On the other hand, we can write ti; = V0W2, where tt;2 G Wx and 
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Igi^w) = Ig(vo) + lg('W^2)5 a-nd we can write W2 = W3W4, where W3 € Wy and W4 is {Y, 0)-reduced. 
So, w = VQW3W4, lg(w) = Ig(vo) + lg('"^3) + lg('W^4)) "W^s £ W^x n Wy, and t(;4 is {Y, 0)-reduced. It 
follows that wq = vqWs and wi = W4, thus wqWx = vqWx = wWx (since ws € Wx), therefore 
wq € wWx n Wy- 

We have wq G wWx if and only if Wq w = wi G Wx, and, as said before, there exists an 
algorithm which decides whether wi £ Wx- Clearly, if wWx riWy = 0, then oAxCiAy = 0. So, 
we can (and do) assume that wWx n Wy ^ 0- Then wi G Wx n Wz and wq G wWx n Wy n Wz- 

We compute reduced expressions wi = si - - - Sn and wq = ti ■ ■ ■ tm, and we set f^wi) = as^ • • • (Js^ 
andf(wo) = o"ti • • ■ crtm- Note that f(u;i) G (SxnzUS^J:^^)* and f{wQ) G (SynzU^yn^)* (since 
wi G Wxnz and wq G Wyhz)- On the other hand, we set /3 = T{wo)'~^aT{wi)~^- Note that 
/3 G CAz, f3Ax = T{woy^aAx, and r(wo)"^-4Y = ^y, thus a^x n Ay = r(u7o)(/3Ax n Ay). 

Suppose that /SAxHAy / 0. Let 7 G /SAxHAy- Set u = 6'(7). We have f G W^nWV = Wxny, 
thus t{v) G AxnAy, therefore 7t(w)~^ G ^AxDAyDCA = pCAxr\CAY- So, /3AxnAy / 
if and only if ^CAx n CAy / 0. 

By the above, aA^nAy / if and only if /3CAx n CAy / 0. By Lemma 4.6, l3CAxr\CAY + 
if and only if 7ry(/3) = TTYnzil^) G /3C'Ax, that is, if and only if f3~^TTYnz{P) G CAx- Since 
/3"-^7rynz(/3) G CAz, we have /3"^7rynz(/3) G CAx if and only if /3"^7rynz(/3) G CAx n CAz = 
CAxnz- Recall that there is an algorithm which, given an element 7 G CAz and a word 
fi G (T,z U S^ )* which represents 7, determines a word TTYnzifJ-) which represents iTYnzil) 
(this algorithm can be found just after the proof of Lemma 2.6). Set 7 = /3~^'7rynz(/3) and 
fi = f{wi)u!~^f{wQ)-TrYnz{T^{wo)~^u!f{wi)^^)- Then ^u is a word in (S^US^ )* which represents 
7, and we have 7 G CAxnz if and only if TTxnzi^) = 7- Finally, we can check whether 
7i"xnz(7) = 7 applying to fi and 7rxnz(M) a solution to the word problem in Az- 

Suppose that a Ax n Ay 7^ 0- Then 7rynz(/5) G /3Ax n Ay, thus r(it;o)vrynz(/3) £ aAx n 
Ay, and /,(a;) = f{wo)TrYnz{T{wQ)'^uif{wi)~^) is a word in {T,Ynz U ^ynz)* which represents 

T{wo)TTYnzW)- □ 

Lemma 5.4. There exists an algorithm which, given two cubes Ci = C(aiA^j, aiA^^) and 
C2 = C{a2Afi^,a2AT2), a word wi G (S U S~^)* which represents ai, an element X G 5<oo, 
and a word v G (Sx U S^ )* such that UJ2 = ujii^ represents 02, 

• decides whether Ci n C2 7^ and, if yes, determines R G <S<oo such that Ci n C2 = 
C{aiAji,aiATinT2), 

• decides whether Ci and C2 span a cube, and, if yes, determines a word fi G (S/j^nx U 
S^ nx)* ■5wc/i i/iai Span(Ci,C2) = C(aAij^ni?25 '^^TiUT2); where a is the element of A 
represented by cjifi. 

Proof. Recall that Ci n C2 7^ if and only if Ri U R2 C Ti n T2 and a^ a2 G ATinT2 (see 
Lemma 5.2). It is easy to check whether RiU R2 C Ti n T2 or not. Set (3 = a^ a2- Then /3 
is represented by i^ G (Sx U ^x )*• -'^'^ particular, /3 G Ax, thus we have /3 G ATjnr2 if an only 
if /3 G Ar^nT2 n Ax = ATjnT2nx- Recall that Ax has a solution to the word problem (since 
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X G 5<oo), thus, by Proposition 2.7, there is an algorithm which decides whether j3 € ^TinT2nx- 
So, there exists an algorithm which decides whether Ci fl C2 7^ 0. 

Suppose that Ci n C2 ^ 0. Let R G 5<oo such that i?i U i?2 C i? C Ti n T2. We have 
/? € ^_R if and only if /3 G A/j n Ax = ^ijnXj and, by Proposition 2.7, there is an algorithm 
which decides whether (3 G Ar^x- So, there exists an algorithm which determines the smallest 
R G 5<oo such that i?i U i?2 C i? C Ti n T2 and /3 G ^_r. By Lemma 5.2, this R satisfies 
Ci n C2 = C(ai^ij,ai^TinT2)- 

By Lemma 5.2, Ci and C2 span a cube if and only if aiAji^ n a2Aji^ ^ and Ti U T2 G 5<oo- 
It is easy to check whether Ti U T2 G 5<oo or not. We have aiAji^ D a2^_R2 7^ if and only if 
Ari n /3^_R2 7^ 0- By Lemma 5.3, there is an algorithm which decides whether Ar-^ n PA^^ ^ 0. 
Suppose Ar^ n /S^ijj 7^ 0- Then this algorithm also determines a word /i G (S^^nx U S^ nx)* 
which represents an element 7 G Ar^ n ^Ar^. Set q = 017. Then wi^ represents a G oi^r^ fl 
a2^R2' and Span(Ci, C2) = C{aAR^nR2,a^TiUT2)- Q 

Let n > 1. A cu6e prepath of length n > 1 is defined to be a sequence of n words wi, z^25 • • • > ^'n G 
(SUS~^)* together with 2n + 2 elements of 5<oo, ^1, • • • , Rn,Ti, . . . ,Tn,X,Y G 5<oo, such that 
Ri C Ti for all 1 < j < n, Ri-i U Ri C Tj_i n Tj and ui G (S^^-^nTi U ^t- nT )* ^'^^ all 2 < i < n, 
i?i C X cTi, and i?„ C 1" C T„. Such a cube prepath is denoted by 

V = i{uJi,U2, . . . ,Un),iRl, . . . , Rn),iTi, . . . ,Tn),iX,Y)) . 

A cu6e prepath of length is a word u; G (S U S""*^)* together with an element X G 5<oo- This 
cube prepath is denoted by P = {{oj), (), (), (X, X)). 

For 1 < i < n, we denote by a, the element of A represented by u}iU2- • • i^i, and we set Ci = 
C{aiAR-,aiATj. We also set x = x{aiAx) and y = x{anAY)- By Lemma 5.2, we have 
Ci n Cj+i 7^ for all 1 < i < n — 1, thus C = (Ci, . . . , C„) is a cube path in <I> from x to y. We 
say that C is the geometric realization of P, and that P is a cube prepath from x to y. We say 
that V is normal if C is normal. If V is of length 0, then x = y and C = () is the constant cube 
path on X. 

The following theorem is the main result of this section. Our solution to the word problem in 
A will be a straightforward consequence of it. 

Theorem 5.5. There exists an algorithm which, given two vertices x and y in $, and a cube 
prepath V from x to y, determines a normal cube prepath V' from x to y. 

Proof. For uj G (SUS^^)*, we denote by uj the element of A represented by uj. We assume 
given a cube prepath 

V = ((^1, i/2, . . . , Vn), (Rl,..., Rn), (Tl, . . . , r„), (X, Y)) . 

We set Oi = ujiv'2 • • • I'i and Ci = C{aiAR., aiAxJ for all 1 < i < n. We also set x = x{aiAx) 
and y = a;(a„^y). So, 'P is a cube prepath from x to y. Our aim is to make an effective 
construction of a normal cube prepath 

V' = i{u;[,u'„...,u'J,iR[,...,R'J,{Ti,...,T:^),{X,Y)) 
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from X to y such that m < n. Set a'^ = 0)^1/2 "■" ^m- Then this construction also provides a word 
fi' G (Sy U Ey )* which represents {a'^)~^an (this word wih be used in the inductive step). We 
argue by double induction, on n = Ig('P), and on diin(C„). The case n = being trivial, we can 
and do assume n > 1. 

Suppose n = 1. Set C[ = Span(a;,7/) = C{aiAxnY,OiiAxuY)- li X = Y, then x = y and 
V' = ((wi), 0, 0, (X, X)) is a normal cube prepath from x to y = x. In this case we set 
fi' = 1. Suppose that X j^ Y. Then C = (C() is a normal cube path from x to y. Set 
V' = i{oJi), (X n Y), {X U Y), {X,Y)). Then V' is a (normal) cube prepath whose geometric 
realization is C . We also set ^u' = 1 in this case. 

Suppose n >2 and dim(C„) = 0, plus the inductive hypothesis (on n). Then i?„ = Y = Tn and 

y = xian-iAy). We also have z/„ G (Sr„_inT„ U ^tL^^tJ* = i^Y ^ ^y^)* ■ Set 

P(l) = ((Wi, ^^2, . . . , Z^n-l), (i?l, . . . , i?n-l), (Tl, . . . , r„_i), (X, Y)) . 

Then V^^' is a cube prepath from x to y. By induction, we can construct a normal cube prepath 

P' = ((^,z.^,...,z.;„),(i?;,...,i?J,(T{,...,Tj,(X,y)) 

from X to y such that m < n — 1. Set q^ = ijj[i>2 • • • P'^. This construction also provides a word 
^(-"^^ G (Sy U Sy )* which represents (a^)"^Q„_i. Set /u' = fi^^'Un. Then ^u' G (Sy U Sy )*, and 
^' represents (a^)~^a„. 

Now, we assume that n > 2, dim(C„) > 1, plus the inductive hypothesis. The remainder of the 
construction is divided into 4 steps. 

• In Step 1 we prove that our study can be reduced to the case where (1) dim((7j) > 1 
for all 1 < i < n — 1, (2) Ci (1 Cj+i is a vertex, denoted by Xj, for all 1 < i < n — 2, 
(3) Ci = Span(xi_i,Xj) for all 1 < i < n — 1, where xq = x and x„_i G C„_i n C„, (4) 
Star(Ci) n Ci+i = {xi} for all 1 < i < n - 2. 

• In Step 2 we prove that our study can be reduced to the case where C„ = Span(x„_i,y) 
(plus the conditions of Step 1). 

• In Step 3 we consider a vertex z' of C„ such that Span(x„_2i -2') is nonempty and of 
minimal dimension, and we prove that we can reduce our study to the case where C„_i = 
Span(x„_2,2') and C„ = Span(z',y) (plus the conditions of Steps 1 and 2). 

• In Step 4 we prove that, under the conditions of the previous steps, we have Star(C„_i) fl 

Step 1. Choose a vertex z in C„_i fl C„. Let Z be the element of 5<oo such that Rn-i U i?„ C 
Z C Tn-i n Tn and z = x{an-iAz) = x{anAz)- Set 

P« = ((^1,7.2, . . . , /^n~l), (i?l, . . . , Rn-l), (Tl , . . . , T^-l), (X, Z)) . 

Then V^^' is a cube prepath of length n — 1 from x to z. By induction, we can construct a 
normal cube prepath 

-0(2) _ C/, ,(2) ,/2) (2) X .p(2) „(2) X ,rj.(2) rp{2) . (^ y.. 
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from X to z such that m — 1 < n — 1. Set a^_i = w} V2 • • • v)n~\- Then this construction also 
provides a word 11^'^' G (S^US^ )* which represents (a^i_]^)^^an_i. The word [i^'^'Vn represents 
(a2-i)~^«n and belongs to (ST„_inT„ U S-^_ ^^ )*. Set ci^i^ = C(aJ^Li^„(2) ,a>^_^A ,■!) ). 

^m — 1 m — 1 

Since C^l^ fl C„ / 0, by Lemma 5.2, we have (ay_i)"^a„ G A (2) ^^ , thus (a|„li)"^a„ G 

-'m-l' I-'" 

(2) 

A (2) . By Proposition 2.7, there is an algorithm which determines a word Vm = 

K,{^l^'^^Un) G (S (2) LJS .\) )* which represents (a^Lj^^On- Set 

-0(3) _ I'r, ,(2) ,/2) (2) (2)X .p(2) p(2) p N (rj.{2) rp(2) rp ^ (YV\\ 



Then V^^' is a cube prepath from x to y. Moreover, uj\ 



(2)M) J2) ^(2) 



^2 ■■■^rn-l^rri = On- 



By induction, we can suppose that m = n, and, up to replacing V by V^^' , we can assume that: 

• dim(Cj) > 1 for all 1 < i < n - 1, 

• Cj n Cj+i is a vertex, denoted by Xi, for all 1 < i < n — 2, 

• d = Span(xi_i, Xj) for all 1 < i < n — 1, where xq = x and Xn-i = z, 

• Star(Ci) n Ci+i = {xi} for ah 1 < z < n - 2. 

Step 2. Set Cn = Span(z,y) = C{anAznY,(^nAzuY)- Since C„_i H Cn 7^ 0, we have 
(Xn-i^n G ^T„_in{zuy)- Moreover, r„_i n (Z U F) C r„_i n r„, because Z U T C T„. By 
Proposition 2.7, there is an algorithm which determines a word Vn = ^{vn) G (S'j;^_jn(zuy) U 
S~ nfzuY))* '^'^i^li represents a~_;^a„. Set 

V^^^ = {{loi,U2,... ,Un-i,i^i^^),{Ri,. . . ,Rn-i,Z nY),{Ti,. . . ,Tn-i,Z UY),{X,Y)) . 

Then V^^' is a cube prepath from x to y. Furthermore, o;„ = a)ii/2 ■ ■ ■ i^n-i^n • So, up to 
replacing T by p(^\ we can assume that C„ = Span(z,y). 

Step 3. Consider the set of vertices x{anAu) of C„ such that Span(x„_2, a:(Q„A[/)) is nonempty. 
In other words, consider the set U = {U G 5<oo;^n C U C Tn and Span(xn-2,2;(an^(7)) 7^ 
0}. This set is nonempty since it contains Z. Choose Z' ^ lA such that the dimension of 

Span(x(Q„A^/), y) C C„ is minimal, and set z' = x(a„A^'), C\^\ = Span(x„_2, ^;'); ^n = 
Span(z',y), and 

C« = (Ci,...,C„_2,ci^2i,C«). 

Note that C'^' is a cube path from x to y. Note also that, thanks to Lemma 5.4, it is easy to 
determine in an algorithmic way the set lA as well as the element Z' G lA. 

Since C„_2 n Cn^i = {xn-2}-, by Lemma 5.2, we have Rn-2 U Rn-i = Tn-2 H T„_i and 
x„_2 = x(a„_2^z„_2) = 2;(a„_iAz„_2)' where Z„_2 = Rn-2^Rn-i = T„_2nT„_i. Set R]^!^ = 
Zn-2 n Z' and T^^_-^ = Z„_2 U Z'. Recall also that Un G (Sr„_inT„ U Sj^ _ nT )*• -'^y Lemma 5.4, 
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there is an algorithm which determines a word ^^^' € {'^T„-inT„nz„-2 '-' ^t _ nT nz _- )* such 
that C^_i = C{al^_iA (1) ,a^_-|^yl (i) ), where a„_i is the element of A represented by 
a;it'2 • • • i'n~2i^n~ifJ- ■ Observe that Un^ifi^^' lies in {'^Tn-2nT„-i U Sy^_^pj,^_ J* and represents 
'^n-2'^n-i- O'^ *^^ other hand, by Lemma 5.2, arioCti-i € ^ (i) , thus a^i^'^n-i ^ 

yl (1) . By Proposition 2.7, there is an algorithm which determines a word v^-i ~ 

kK^i^W) G (S (1) US-i (1) )* which represents Q~!2«n-i- 

-'n-21 Un-ii ij^-i r„_2nr„_inT^_j^ 

Recall that y = x(a„^y). Set i?i^^ = Z' DY and T^^^ = Z' U F. We have ci^^ = C(a„^„(i), 
anA^(i)). The word (/i(^))"^t'„ lies in (I!T„_inT„ U ^7;!_inT„)* ^"^^ represents (a„_]^)"^a„. 
On the other hand, by Lemma 5.2, we have {an_i)~^an G ^^(i) ^^(i)) thus (a„_]^)~^a„ ^ 
A (1) (1). By Proposition 2.7, there is an algorithm which determines a word Un = 

K((/i(i))-ii/„) G (S (1) (1) U S-i (,) (,))* which represents {a^^l^y^On- 

1„-V Unl l-^n-V '-^ri T„_inT„nT^_\ OTA 

Set 

P(l) = ((u;i, 1/2, . . . , I^n-2, ^^i'ii, 4'^), («!,•••, ^n-2, ^'^l, 4'^), 

(Ti,...,r„_2,r«i,T«),(x,y)). 



Then V^^' is a cube prepath whose geometric realization is C^^'. Moreover, we have an = 

_(i) _(i) 

If z' 7^ z, then Cn = Span(z',|/) is a proper face of C„ = Span(z,y). In that case, we can 
conclude using the induction on dim(C„ ). So, we can and do assume that z' = z. Then 
Cn = Span(2;,y) = C„ \ and Cn-i = Span(x„_2,^) = QJ^. 

Step 4. Now, we show that, under the hypothesis deduced from the previous steps, P is a 
normal cube prepath. By Step 1, we have 

• dim(Ci) > 1 for all 1 < i < n - 1, 

• Cj n Cj+i is a vertex, denoted by Xj, for all 1 < i < n — 2, 

• Ci = Span(xj_i, Xj) for all 1 < i < n — 1, where xq = x and x„_i = z, 

• Star(Ci) n Q+i = {xi} for ah 1 < i < n - 2. 

We also have C„ = Span(z, y) (by Step 2) and dim(C,i) > 1 (by induction). It remains to show 
that Star(C„_i) r\Cn = {z}. 

Recall that U = {U G S<^oo',Rn C C/ C T„ and Span(x„_2,a;(a„ylt/)) / 0}. Recall also that, 
according to Step 3, Z = Z' is such that the dimension of Span(x(a„^^),y) is minimal among 
the dimensions of Span(x(a„^c7))2/)5 with U £U. liU £U, then i?„ C U C Tn, thus 

Rn = Zr\Y (lUr\Y cUyjY (lTn = Z\JY . 
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By minimality of the dimension of Span(x(a„j4^),y), it follows that Z n Y = U CiY and 
Z UY = U UY, thus U = Z. So, U = {Z}. Now, if x(a„At/) is a vertex in Star(C„_i) PI C^, 
then U &U = {Z}, thus x^anAjj) = z. D 

Theorem 5.6. The group A has a solution to the word problem. 

Proof. Let a; = al] • • • af" be a word in (S U S^^)*. Set a = Co. We would like to determine 
whether a = 1 or not. Set x = x{1Aq) and y = x{aA(j)). We have a = 1 if and only if x = y. 
On the other hand, we have x = y if and only if the unique normal cube path in $ from x to y 
is of length 0. 

Set wi = 1, X = 0, and F = 0. For 1 < i < n, set z^2i = cr^sh ^2i = 0, and T2i = {sj. For 
2 < i < n, set U2i-i = 1, R2i-i = 0, and T2i^i = {si}. Set Ri = 0, and Ti = {si} (there is no 
ui). Then 

r = {i0Oi,U2, ..., I^2„), {Ri,..., R2n), (Tl, . . . , Ta^,), (X, Y)) 

is a cube prepath from x to y. By Theorem 5.5, there is an algorithm which determines from V 
a normal cube prepath V' from x to y. Then a = 1 if and only if V' is of length 0. D 

6 Virtual braid groups 

The virtual braid group on n strands, denoted VBn, is defined by the presentation with generators 

CTl,. . . ,(T„ 



, Ti, . . . , r„_i, and relations 




r? = l 


if 1 < i < n ■ 


O-jO-j = GjGi , (TjTj = TjGi , and TjTj- = TjTj 


if K-il >2 


CTjCTjCrj = CrjCTjCTj , GiTjTi = TjTiGj , and TiTjTi = TjTiTj 


if |i-j| = 1 



Virtual braids can be viewed as braid diagrams that admit virtual crossings of the same type 
as the virtual crossings in the virtual links. They were introduced by Kauffman in |32j at the 
same time as the virtual links. Like for the classical links and braids, every virtual link is the 
closure of a virtual braid, and the closures of two virtual braids are equivalent if and only if the 
braids are related by a finite sequence of moves called virtual Markov moves (see [ST] and 



Let &ri denote the symmetric group of {!,... ,n}. There is an epimorphism 9 : VBn -^ &n 
which sends Gi to 1 and Tj to (i, i + 1) for all 1 < i < n — 1. This epimorphism admits a section 
i : &n -^ VBn which sends {i,i + 1) to Tj for all 1 < i < n — 1. Let Kn denote the kernel of 
9 : VBn — )• &n- Then, by the above, VBn is a semidirect product Kn x ©n- A precise description 
of this semidirect product was determined by Rabenda in his Memoire de DEA (Master degree 
thesis) [38] (see also f8]). 

Remark. There is another "natural" epimorphism 9' : VBn — >• &n which sends Uj and Tj to 
(i,i + 1) for all 1 < i < n — 1. This epimorphism also admits a section l' : (5„ — ?> VBn which 
sends (z, i + 1) to Tj for all 1 <i <n — 1. The kernel of 9' is called the virtual pure braid group, 
and is denoted by VPn. It is different from the group Kn studied in the present section (see [8j). 

Proposition 6.1 (Rabenda [38J). For I < i < j < n, we set 

Si,j = TiTi+l ■ ■ ■ Tj-20'j~lTj^2 ■ ■ ■ Ti+lTi 

Sj,i = TiTi+l ■ ■ ■ Tj-2Tj-iaj-lTj-lTj-2 ' ' ' Tj+lTj 
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Then Kn has a presentation with generators Sij, ^ <i ^ j <n, and relations 

5i,j5k,i = 5k,i5ij for i,j, k, I distincts 

Si,j^j,A,j = Sj,A,jSj,k for i,j,k distincts 

Moreover, the action of 6„ on Kn is given by 

w ■ dij = (5^(j),u.(j) forl<i^j<n and w e 6n ■ 



Let TyB^n be the Coxeter graph defined by the following data. 

• The set of vertices of TvB,n is S* = {xij; I < i j^ j < n}. 

• If i, j, k, I are distinct, then Xij and Xk,i are not joined by any edge. 

• If i,j, k are distinct, then Xij and Xj^k are joined an ordinary edge (labeled by 3), Xij and 
Xi^k are joined by an edge labeled by oo, and Xi^k and Xj^k are joined by an edge labeled 

by oo. 

• If i,j are distinct, then Xjj and Xj^i are joined by an edge labeled by oo. 
By Proposition 6.1, Kn is an Artin-Tits group of TvB,n- 

Proposition 6.2. LetS^oo denote the set of X C S such that (XvB,n)x is free of infinity. Then 
{^VB,n)x is of type K{tt, 1) and {Kn)x has a solution to the word problem for all X G 5<oo- 

Proof. Let X e 5<oo- It is easily seen that every edge of {TvB,n)x is ordinary (i.e. not 
labeled), and the valence of every vertex is less or equal to 2. It follows that iTvB,n)x is the 
disjoint union of Coxeter graphs of type A and A. By [27], any Coxeter graph of type A is of 
type -ftr(vr, 1) (see also [23j), and, by [37], any Coxeter graph of type A is of type K{'k, 1) (see also 
|21j). The Artin-Tits groups of type A are the Artin braid groups, and these are known to have 
several (fast) solutions to the word problem (see [6], [5], [28], for instance). On the other hand, 
there are natural embeddings of the Artin-Tits groups of type A into the Artin-Tits groups of 
type B (and, therefore, into the Artin braid groups) (see [2], [21], [34j)- One can easily solve 
the word problem in the Artin-Tits groups of type A using these embeddings. Another solution 
to the word problem in the Artin-Tits groups of type A can be found in [25] . D 

Corollary 6.3. 

1. Kn and VBn have solutions to the word problem. 

2. Kn has a classifying space of dimension n — 1, and its cohomological dimension is n — 1. 
In particular, Kn is of FP type and is torsion free. 

3. VBn is virtually torsion free, and its virtual cohomological dimension is n — 1. 
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Proof. The fact that Kn has a solution to the word problem is a straightforward consequence 
of Theorem 5.6 and Proposition 6.2. Since Kn is a finite index subgroup of VBn, it follows that 
VBn has also a solution to the word problem. 

Let d = max{|X|; X E S-^}. By Corollary 4.3 and Proposition 6.2, the Coxeter graph TvB,n is of 
type K(tt, 1). By (19j . Corollary 1.4.2, it follows that Kn has a classifying space of dimension d 
(which is i}/W), and the cohomological dimension of Kn is d. It remains to show that d = n — 1. 

Let X E S^ . We say that a given i E {1, . . . , n} occurs in X if there is some j E {1, . . . , n}, 
j 7^ i, such that either Xij E X, or Xj^i E X. Observe that an z E {1, . . . ,n} cannot occur in 
X more than twice, and that there exists an i E {1, . . . ,n} which either occurs once, or never 
occurs (otherwise all the vertices of Tx would be of valence 2). This implies that |X| < n — 1. 
On the other hand, Y = {xi^2j 2:2,3, • • • , Xn-i,n} ^ 5-^ and |y| = n — 1. 

The third part of Corollary 6.3 is a straightforward consequence of the second one. D 

Remark. Bardakov announced in j7] a solution to the word problem for virtual braid groups. 
However, Lemma 6 in [7J, which is the key point in the algorithm (as well as in the paper) is 
false. On the other hand, another solution to the word problem for virtual braid groups will 
appear in the forthcoming paper |29j . 



Remark. A classifying space QCn for the pure virtual braid group VPn is constructed in [9]. 
This space is a CW complex of dimension n—1, thus the cohomological dimension of VPn is 
< n — 1, and VPn is torsion free. On the other hand, VPn contains the Artin pure braid group 
Pn whose cohomological dimension is known to be n — 1, thus the cohomological dimension of 
VPn is exactly n — 1. This gives an alternative proof to Corollary 6.3.3. 
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